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GREEDY ALGORITHM

Algorithms designed to solve optimization problems are usually a sequence of
steps, each of which is given a set of choices. Determining the best choice, guided by
the principles of dynamic programming, in many optimization tasks resembles
shooting from a cannon on sparrows; in other words, more simple and effective
algorithms are better suited for these tasks.

This article outlines an elegant theory of greedy algorithms. It is useful when you
need to determine when a greedy method provides the optimal solution. This theory
contains combinatorial structures known as «matroidsy.

A matroid is an ordered pair M = (S, 1) satisfying the conditions stated below:

1. The set S is finite.

2. | is a non-empty family of subsets of the set S (which are called independent
subsets) such that if B € | and A < B, then A € I. If the family | satisfies this
property, it is called hereditary. Note that the empty set @ necessarily belongs to the
family 1.

3.IfAel,Beland|A]|<|B|, then there exists an element x € A — B such that
A U {x} €l. Itis said that the structure M satisfies the exchange property.

A matroid 1s an arbitrary pair M = [E, 3], where E is a finite set and 3 is a
nonempty family of subsets of the set E satisfying the conditions: (M1) from (A €3,
Bc A thatB e 3J3;(M2)V A, B € 3, such that | A | <| B |, there is always e€B \ A:
AU {e} €3. The sets of the family 3 are called independent sets, and all other subsets
of E are dependent sets of the matroid M. It follows from (M1) and the nonemptiness,
that @ €3 in any matroid.

The base of the matroid is any maximal independent inclusion in the inclusion.
A cycle of a matroid is any minimal dependent set.

A dependent set is a subset of the matroid carrier that is not independent. We
represent the matroid over the field F if it is isomorphic to some vector matroid over
this field. If we represent a matroid over any field, it is called regular. A matroid that
IS representable over a two-element field GF (2) = {0,1} (a field is a set of elements
on which two operations are defined: addition and multiplication, even if these
operations are not ordinary operations of addition and multiplication, and also
subtraction and division by any non-zero element) is called a binary matroid.
A matroid that is representable over a field GF (3) = {0,1,2} of three elements is
called a ternary matroid.
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A dual matroid is a matroid whose carrier coincides with the carrier of the given
matroid, and bases are the complements of the bases of the given matroid to the
carrier, that is, X * = X, and the set of bases of the dual matroid is the set of B * such
that B * = X \ B, where B is the base of the given matroid. Suppose that the matrix G
of the ideal scheme for dividing the secret with the matroid M is determined by the
dual matroid M * through the list of its cycles as a list of its dependent sets.
Therefore, if we represent the matroid M over a finite field F, then M * defines the
generating matrix G of the code linear with respect to the field F with the verification
matrix H given by cycles of the matroid M, this code is the code of this CPC.

The rank of a matroid is the power of its bases. The rank of the trivial matroid is zero.

Matroids are widely used in problems related to combinatorial optimization, as
well as problems whose solution is based on greedy algorithms. Greedy method has
enough power and is well suited for a fairly wide class of tasks.

Many problems for which a greedy approach allows us to obtain an optimal
solution can be formulated in terms of searching for an independent subset with the
maximum weight in a weighted matroid.

The weighted matroid is a matroid, on elements of the set E a positive weight
function w is given.

So, we have a weighted matroid M = (S, 1) and we need to find an independent
set A € | for which w (A) is maximal. We call such a maximal independent subset
with the maximum possible weight an optimal subset of the matroid. Since the weight
w (X) of each element X€S is positive, the optimal subset is always a maximal
independent subset, which always helps to make the set A as large as possible.

For example, in the minimal-spanningtree problem, a connected undirected graph
G = (V, E) and a function of length w are defined such that w (e) is a (positive) edge
length e. (The term «lengthy is used here to refer to the initial weight corresponding
to the edge of the graph, the term «weight» is reserved for the weights in the
corresponding matroid.) It is necessary to find a subset of edges that connect all the
vertices and have a minimum total length. To represent this problem in the form of
the problem of finding the optimal subset of the matroid, consider the weighted
matroid MG with the weight function w, where w (e) = w0 — w (e), and wO exceeds
the maximum edge length.

In such a weighted matroid, any weight is positive, and the optimal subset is a
spanning tree, each maximal independent subset of A corresponds to a spanning tree,
and since for every maximal independent subset A the following relation holds: w
(A)=(V|-1) w0 -w (A), then the independent subset that maximizes w (A) must
minimize w (A). Thus, any algorithm that allows us to find the optimal subset A of an
arbitrary matroid also allows us to solve the minimal spanning tree problem.

A greedy algorithm is an algorithm that consists in making locally optimal
decisions at each stage, assuming that the final solution will also be optimal. It is
known that if the structure of the problem is set by the matroid, then the application
of the greedy algorithm will produce a global optimum, which will have success.
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WMOBIPHICTH OJHA — IIIIXO/IU PI3HI

B 3B’s3ky 3 TUM, 110 Ha CHOTOJIHI HEMa€ Takoi raigy3l 3HaHb, A¢ O He
BUKOPUCTOBYBAJIUCS JIOCATHEHHSI MaTeMaTUKu. D13UKU, XIMIKUA, aCTPOHOMHU, 010JI0TH,
€KOHOMICTH, HaBITh MOBO3HAaBIl Ta ICTOPUKA BHUKOPUCTOBYIOTH MaTE€MaTHUYHUMN
arapar. Yacto 10BOIUTHCS MaTh CHpPaBY 3 ABUIIAMH PEATHHOTO CBITY, SIKI 3aJI€KaTh
BIJl HEBIIOMMX OOCTaBUH, IO HE MIANAIOTHCA 06J111<y (DopMyJ'HOBaHHH 3a1ad 3
pl3HHX rajqy3el 3HaHb MICTATh HE MATEMAaTH4YHI TOHATTA 1 SAKIIO MaTeMaTHUK
pO3B’sI3y€ TaKy 3ajady, TO BiH MparHe MepeKacTH il Ha MaTeMaTUYHy MOBY, TOOTO
MOBY BUpa3iB, (HOpMyJI, piBHSHB TOILO.

OmHMM 3 TaKWX TOHATH, SKWM BHUKJIMKAB PIi3HI CYNEPEUKH Cepell BUYCHHX
nounHatoun 3 XVII cTomiTTss cTano MNOHATTS WMOBIPHOCTI, IO MPU3BEIIO [0
BUHUKHEHHSI Teopii WMOBIPHOCTI, SK IUJIOTO PO3AUIYy MaTEeMaTUYHOI HAYKH.
CraHOBNIEHHS 1 pO3BUTOK TeOpii IMOBIpHOCTEN BUCBITIEHO B mpaisx [1’epa Jlamnaca
(1749-1827), Pixapaa Mizeca (1893-1953), 1. Kapmano (1501-1576), b.ITackans
(1623-1662), ocobimBoro 3HaueHHs HaOynu mpaii Matemarnka A.M. Koamoroposa
(1903-1987).

VYKkpaiHcbka MaTeMaThyHa HayKa MojapyBajia CBITOBI IMEHA BUIATHUX (DaxiBIIB Yy
ranysi Teopii itMoBipHocTeil. Imena B.B. T'ninenxa, A.B. Cxopoxona, M.J. SInpenxa,
M.I. XKannaka BijoMi MaTeMaTHUKaM YCbOT'O CBITY.

Bucnis b.B. T'mimenka «Teopis HMOBIpHOCTI MOMIOHO 0 I1HIIUX PO3ILIIB
MaTEeMaTUKH, PO3BUHYJNACS 3 TMOTped TpakTUKH; B aOcTpakTHi (opmi BOHA
BiZ0Opakae 3aKOHOMIPHOCTI BJIACTHBI MOIiAM MacoBOro xapakrepy» [1, €. 13].

B 3B’s3ky 3 OypXJMBUM pPO3BUTKOM NPHUPOJHUYMX HAyK amapaT Teopii
WMOBIPDHOCTE TEPETBOPUBCS B YITKY MATeMaTHYHY JUCUUIUIIHY 3 BIACHUMU
npobiieMaMu Ta MeToZaMu 10BeAcHb. Cylepedkn Mk MaTeMaTHKaMy BUHUKAIU TIPU
o/Jayl  O3HAYEHHS MaTeMaTHU4HOi WMOBIPHOCTI. YuCIO pi3HUX O3HAYEHb
MaTeMaTUyHOI HMOBIPHOCTI, III0 MPOMOHYBAJIOCS PI3HUMH aBTOpPaMH  Jy»Ke
pi3HOMaHITHE 1 6arare. Ase 1HTepeC 10 JIOTIYHO OOTPYHTOBAHOT'O O3HAYEHHS TEOpii
AMOBIPHOCTE BWHUK 3HAYHO Ii3HIIIE, HDX BMIHHS MIPOBOAUTH OOYMCICHHS B
NapKTUYHIN AISUTBHOCTI 1 B HAYKOBUX JOCIIIKCHHSAX.



