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SOLUTION OF THE APPLIED OPTIMIZATION PROBLEMS
Summary. The research of the author is devoted to the issues of optimization of the parameters of multilayer 
systems containing local, discrete sources of thermal loads. The paper proposed one of the possible approaches 
to the implementation of optimization of the parameters of such systems. Due to the fact that in practice it is 
often necessary to deal with multilayered materials of complex spatial form, which, for example, have zones of 
prohibition on the movement of division routes, the author pays considerable attention to the determination 
and verification of the validity of the calculated and applied optimization mathematical models conditions for 
improving the quality of the biotechnological process. Despite the focus of this work to the optimization of mul-
tilayer biosystems, the uniqueness of the author's research consists in their broad applicability for optimizing 
a number of multilayer systems.
Keywords: mathematical modeling, optimization, correctness, boundary value problems, pseudodifferential 
operators.

Левкін Д.А.
Харківський національний технічний університет

сільського господарства імені Петра Василенка

РОЗВ’ЯЗАННЯ ПРИКЛАДНИХ ЗАДАЧ ОПТИМІЗАЦІЇ
Анотація. В роботі наведений процес математичного моделювання та оптимізації багатошарових біо-
технологічних систем, які містять локальні, дискретні джерела дії. Особливу увагу автор приділив куле-
подібним багатошаровим мікробіологічним матеріалам під дією сканованих джерел лазерного випромі-
нювання. Зазначимо, що особливості об’єкта дослідження та специфіка електромагнітної дії призводить 
до неможливості застосування для доказу умов коректності традиційної теорії існування та єдиності 
розв’язку крайових задач, що описують його стан. Труднощі з доказами умов коректності належать цілому 
класу багатошарових об’єктів складної просторової форми, які мають, наприклад, зони заборони на про-
ходження трас лазерного ділення. Для подолання зазначених складнощів, автор пропонує застосувати 
теорію псевдодиференціальних операторів над простором узагальнених функцій. Це дає можливість, не 
конкретизуючи об’єкт дослідження (багатошаровий мікробіологічний матеріал під дією лазерного про-
меня), гарантувати коректність крайових задач, що, в свою чергу, дозволить гарантувати адекватність 
розрахункових та прикладних оптимізаційних математичних моделей. Досліджені та враховані автором 
характерні особливості математичної моделі основної оптимізаційної задачі та прикладних математич-
них моделей, дозволять ефективно обрати методи для чисельної та програмно-апаратної реалізації. Для 
здійснення оптимізації в роботі представлений підхід для реалізації одразу двох прикладних оптиміза-
ційних математичних моделей та наведена обчислювальна структура, що складається з широко відомих 
чисельних методів. Відзначимо, що незважаючи на спрямованість досліджень автора на розрахунок та 
оптимізацію біотехнологічних систем, результати дослідження мають універсальний характер і їх можна 
застосовувати для оптимізації механічних, електротехнічних та інших систем, що містять локальні, дис-
кретні джерела відповідних фізичних полів. Однак, при цьому зазнають зміни постановки крайових за-
дач та чисельні методи реалізації прикладних оптимізаційних математичних моделей. 
Ключові слова: математичне моделювання, оптимізація, коректність, крайові задачі, псевдодиференціальні 
оператори. 
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Formulation of the problem. Today, one 
of the main ways to search for the optimal 

values of the parameters of multilayer and sin-
gle-layer systems containing local mobile sources of 
physical fields remains the experiment. Obtaining 
experimentally data is associated with excessive 
costs of technical resources of sources of loading 
and the expensive material consumption. To over-
come the difficulties, it is necessary to develop the 
theory of such systems calculation and optimiza-
tion of. It is worth noting that the study of many 
authors is aimed at optimizing specific systems 
under the influence of concentrated sources of the 
corresponding physical fields [1–4]. Despite the sig-
nificant achievements of the authors in solving the 
problems of calculating, managing, and optimizing 
the parameters of single-layer and multilayer sys-
tems, relatively little work has been devoted to the 
optimization of the whole class of systems. Thus, to 

overcome the difficulties of systematization and for-
malization of applied optimization for mathemati-
cal models for multilayer systems, the averaging of 
geometrical parameters, chemical composition, and 
thermophysical characteristics of the objects of the 
research is often carried out. This leads to averag-
ing of the obtained values of the objective function, 
rough estimates of changes in the parameters of 
the systems, and as a result of this, errors in the 
processes of calculating the objective function and 
optimizing its parameters.

According to the author, along with an increase 
in the number of formalized applied optimization 
mathematical models, the definition and verifica-
tion of the fulfillment of the conditions for the cor-
rectness of computational and applied optimization 
mathematical models is also required [5]. The con-
struction and implementation of a larger number 
of applied optimization mathematical models that 
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take into account the structural features of mul-
tilayer microbiological material exposed will im-
prove the accuracy and speed of optimization, and, 
as a result, improve the quality of biotechnological 
processes.

The object of the author's research is a multi-lay-
er spherical microbiological material containing 
sources of thermal loading. The uniqueness of the 
author's research consists in the formalization at 
once of two applied optimization mathematical 
models of the process of thermal exposure, taking 
into account the structure of microbiological mate-
rial and the characteristics of thermal exposure. At 
the same time, the studies conducted in this work 
are of a generalized nature and the author does not 
focus on a specific object of study. This means that, 
in dealing with a specific object of study, it is possi-
ble to carry out the calculation and optimization of 
various systems subjected to thermal loads.

Analysis of recent research and publica-
tions. We will analyze the scientific publications 
related to the optimization questions and the as-
signment of control parameters of systems contain-
ing local mobile sources of physical fields [1; 4].  
In [1], the issues of calculation and optimization of 
thermal, mechanical, electrical and other systems 
under the influence of sources of physical fields 
were considered. In [2], the author carried out the 
calculation and specification of the technical pa-
rameters of technological systems under laser ir-
radiation. However, in papers [1; 2], the issues of 
calculating and optimizing biotechnological sys-
tems were not considered under laser exposure. 
Important in them is the common approach used 
to calculate and optimize systems with distributed 
parameters, which include multi-layer microbiolog-
ical material under laser irradiation. At the same 
time, its state is significantly different in the for-
mulation and implementation of the initial bound-
ary value problems, and the process of optimizing 
the parameters of temperature fields has its own 
characteristics [6; 7].

Despite the fact that the authors of [3] showed 
the temperature of the laser heating of the embryo 
and at the same time took into account its 3 – layer 
structure, these temperatures were found for sev-
eral specific modes of laser exposure to the embryo, 
the biochemical composition of the embryo layers 
was not taken into account not given the process 
of optimizing the control parameters of the tem-
perature field. In addition, in order to increase cell 
viability and reduce uncontrolled costs of technical 
resources, according to the author, it is advisable 
to optimize a larger number of parameters. This 
will undoubtedly entail an increase in the number 
of applied and applied optimization mathematical 
models, and therefore will increase the time and 
volume of machine memory required for this.

The purpose of the article. To optimize the 
parameters of electron beam exposure to multi-
layer microbiological material to reduce the cost 
of technical resources and improve survival. In the 
framework of solving this basic problem, the author 
proposed one of the possible approaches to the im-
plementation of the calculation and optimization of 
the control parameters of multilayer microbiologi-
cal systems. The universality of the research and 
the generalization of the approach allows us to de-

clare a wide range of their applicability for solving 
the whole class of problems related to the optimi-
zation of systems under the influence of the corre-
sponding physical fields sources.

The presentation of the main material.  
The basis of the computational mathematical mod-
el of the process of electron-beam action on a mul-
tilayer spherical microbiological material lies in 
the boundary problem of a system of non-station-
ary, multidimensional differential heat conduction 
equations in partial derivatives:
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where ρe – the density coefficient of the e-th lay-
er of a multilayer (N -layer) microbiological materi-
al, where e N= 1,.., ; 

ce – coefficient of heat capacity;
T T r te e= ( ),  – temperature field at the points of 

the e-th layer of microbiological material;
re – the distance from the center of the source of 

heat exposure to the point in the e -th layer of mul-
tilayer microbiological material, in which the value 
of the temperature field is calculated;

te – duration of heat exposure;
λe – coefficient of thermal conductivity;
qe – specific power density of thermal loads in 

the microbiological material.
Dirichlet boundary conditions set the beginning 

and end of laser exposure:
T r t T

T r t TN N h

0 0 0, ;

, ,
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where h is the duration of exposure.
Taking into account the multi-layer structure of 

microbiological material, the equality of media sec-
tion is introduced:
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The conditions of heat exchange on the border of 
the outer shell of microbio-logical material and its 
environment:

−
∂
∂

( ) =λ σ1
1 0
T
r

t S, ,                        (4)

where t  – the duration of exposure;
σ  – specific heat flux;
S  – area of impact source.
Using the example of an embryo under the influ-

ence of a laser beam, the author [8] showed the nu-
merical implementation of this computational math-
ematical model and found the temperature of laser 
heating of the layers of a microbiological object. We 
present a mathematical model of the main optimi-
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zation problem of improving the quality of thermal 
effects on multilayer microbiological material.

The mathematical model of the main op-
timization problem is that it is necessary to 
find such parameters of the vector of heat 
z x y z t u E s t v t Q x y z t S* , , , , , , ( ), ( ), ( , , , ),= ( ): x y z, ,  – size 
of the multilayer microbiological material area; t  – 
duration of exposure; u  – source intensity; E – the 
energy of the laser beam; s t( ) – source path; v t( ) – 
source speed; Q x y z t( , , , ) – heat exposure density; 
S  – the area of the laser source, which would ensure 
the achievement of the extremum of the objective 
T T x y z t z= ( ), , , , *  at the given system of restrictions 
on the values of the temperature field and on the 
parameters of the vector of heat exposure. Based on 
the formulation of the main optimization problem, 
in order to optimize the parameters of the tempera-
ture field in [6; 7], the author proposed and system-
atized applied optimization mathematical models. 
At the same time, to find the optimal values of the 
parameters of the objective function, it is advisable 
to use not one, but several application-oriented 
optimization mathematical models. Their novelty 
consists in the fact that, in the implementation of 
parameterization, the temperature fields of micro-
biological materials are presented depending on 
the characteristics of a discrete moving source of 
exposure.

We show one of the possible approaches for the 
implementation of optimization. Let us reduce the 
dimension of the parameters of the target function 
and select some arbitrary parameters as optimized 
ones. We construct a large uniform grid of their dis-
cretization. We solve the boundary problem of the 
system of differential equations of heat conduction. 
To assess the traumability of microbiological mate-
rial with the values of optimized parameters at the 
nodal points of a large uniform grid, it is possible to 
apply the following relationship:

K
V

V
segm= ×. %100 ,                       (5)

where Vsegm. – the volume of the irradiated seg-
ment of the multilayer microbiological material;

V  – volume of microbiological material.
By the step method, we will move along the 

nodes of the coarse grid from the node, in which 

a greater value of the traumability of the microbi-
ological material to the node with a lower value of 
the traumability is achieved. To find points with 
optimal values of the selected parameters, we use 
the method of directional extremum search of the 
temperature field, comparing the injuries at the 
nodal points of a large uniform grid and choosing 
a node with a lower value of injuries.

In the vicinity of nodes with lower injuries, we 
will grind the grid model step and the process of an-
alyzing and finding local extrema will be repeated 
until, for example, the specified accuracy of solving 
boundary value problems, the specified error value 
of the microbiological material traumability value 
is reached, the expiration time allowed for optimi-
zation.

Conclusions and offers. One of the possible 
approaches to the calculation and optimization of 
multilayer systems containing local, discrete sourc-
es of thermal loads is shown. The universality of the 
author’s research will allow the proposed approach 
to be applied to the calculation and optimization of 
temperature fields of various microbiological ob-
jects that are subject to thermal loading. This will 
make it possible to increase the efficiency (increase 
in speed, accuracy and decrease in computer mem-
ory) of solving boundary value problems and opti-
mizing multilayer systems, as well as to offer ways 
and means for software and hardware implementa-
tion of applied optimization mathematical models 
in order to improve the quality of impact process-
es. At the same time, according to the author, to 
improve the accuracy and speed of implementation 
of applied optimization mathematical models it is 
required: formalization of a larger number of ap-
plied optimization mathematical models taking 
into account the unevenness of the outer layer of 
microbiological material, its multi-layer, inhomo-
geneous structure and features of the electromag-
netic effect; the presence of comparative estimates 
of the number of local extrema of the goal function 
of solving boundary value problems from numerical 
methods for their solution; an increase in the ac-
curacy of comparative relations for estimating the 
time expenditures of PC software and hardware for 
the implementation of mathematical models.
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