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MATEMATHYECKHUE MOJEJIN OINITUMAJIbHON CTPYKTYPEI
OYHKIIMOHAJIBHO-TPAANEHTHBIX MATEPUAJIOB

Aunorauus. Ilpu onruMasbHOM IIPOEKTHPOBAHUN BHYTPEHHEH CTPYKTYPBI (DYHKIIMOHAJIBHO-TPAIAEHTHOTO
marepuana (OPI'M) Ha oCHOBe KJIACCHYECKOTO METOJ[A OCPEJTHEHUs B CJIyJYasX MaJod KOHIIEHTPAIIMU BKJIIOUe-
HUM, KOT/Ja pas3Mepbl BRJIYEHUN MHOTO MEHBIIE PACCTOSHUS MEKIY HUMU, BOSHUKAIOT 3HAUYUTEJILHBIE BHI-
YMCIUTEJbHBIE TPyaHOCTH. Pa3dpaboTka BapuaHTa MeTOIa OCPETHEHMs, ITO3BOJISIOINIET0 a(PPEeKTUBHO perraTh
3a7a4Yy ONTUMH3AIINY BHYyTpeHHeN cTpykRTypsl OI'M mpu Masoil KOHIIEHTPAITUU BKJIIOYEHUN U UJLITIOCTPAITHAS
ero Ha KOHKPETHBIX ImpuMepax. Ilpenmaraemass MeToIuKa IT03BOJISIET PEITaTh 3aJaUl pacdeTa W OINTHMAJILHOTO
TMPOEKTUPOBAHUS BHyTpeHHeH cTPYKTYpsl OI'M KOHCTPYKITHI ¢ TepeMeHHOH BeJTUUYNHON BKJIIOUEHUH U ¢ TIepe-
MEHHBIM IIIaTOM MEXKIy HUMU 110 eJTUHON METOJIHKE.

KaroueBsie cioBa: QyHKIIMOHATHHO-TPATUEHTHBIM MaTepHaJ,0ITUMaJIbHOEe TPOEKTUPOBAHNE BHYTpPEHHE
CTPYKTYPBI, METOJ OCPEIHEHMsI, IIPOI0JIbHAS JepopMaIiis CTePIKHS.
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MATHEMATICAL MODELS OF OPTIMAL STRUCTURE
OF FUNCTIONAL-GRADIENT MATERIALS

Summary. With optimal design of inner structure of functionally graded material (FGM) based on the classi-
cal method of homogenization procedure, in cases of low concentration of inclusions, when the size of inclusions
is essentially less than the distance between them, leads to computational difficulties. The research to develop
a homogenization procedure, allowing solving effectively the problem of optimizing the internal structure of
FGM at low concentrations of inclusions and illustration with specific examples. The proposed method allows
solving tasks of calculation and optimal design of the internal structure of FGM structures with variable inclu-
sions and with a variable step between them using the same methodology. The optimization is performed using
two mechanisms. The first allocation is fixed at the edges of the border areas in which inclusions are absent.
The second optimization mechanism is the distribution of inclusions sizes under the law, coinciding with the
distribution law of an external load. Alternate step for the step should be reduced in areas with greater inten-
sity of the external load. The proposed technique allows us to solve the problems of calculation and optimal
design of the internal structure of FGM structures with a variable value of inclusions and with a variable pitch
between them according to a single method. These tasks turned out to be mathematically identical, the differ-
ence lies in the different physical senses of the coefficients of the equations of state and objective functions. In
this case, optimization is carried out using two mechanisms. The first is the allocation at the fixed edges of the
border areas in which there are no inclusions. The second optimization mechanism is to redistribute the size
of inclusions according to a law that coincides with the law of distribution of the external load. With a variable
step between inclusions, the step should decrease in areas with a greater intensity of external load. The indi-
cated optimization mechanisms, obvious from a physical point of view, found their mathematical justification
in this work. It can be expected that the proposed method will also be effective in the calculations and optimal
design of more complex heterogeneous structures described by higher order differential equations.

Keywords: functionally graded rod, homogenization method, functionally graded inclusion size, functionally
graded step between inclusions.

HOCTaHOBRa npobiemsl. CHuxeHnme Ma-
TepI/IaJIOeMKOCTI/I CHUJIOBBIX AJIEMEHTOB
KOHCTPYKIIUM B YCJIOBHSX HamboJee II0JIHOIO KC-
[IOJIL30BAHUSA PE3E€PBOB HX IIPOYHOCTH, KECTKOCTHU
" HAOEKHOCTHU ABJIAETCA OOJHIM 13 Ba?RHefIH.[HX Tpe-
GoBaHMII Iporpecca B CyIHO-, ABHA-, PAKeTa-, X KOC-
MHYECKOM MAIIHHOCTPOSHUN, CTPOUTEIILHON WHIY-
CTpHUH U T.I. B OTHUX IIEJIAX IIHMPOKO IIPHMMEHAITCA
KOMIIO3UTHBIE MaTepI/IaJ'IbI n ROHCprRHI/II/I. BMeCTe
C TeM, BO3MOKHOCTH YJYyUIlIeHUS XapaKTEepPUCTUK
TPAIUIIMOHHEIX PEryJISpHBIX KOMIIO3UTHBIX MaTe-
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pHAJIOB HA CETOIHSIIHUN JeHb BO MHOTOM HCUep-
HaHbl. 3HAYUTEBHBIM PE3ePBOM B 9TOM HAIIpABJIE-
HUU SIBJISETCS MCITOJIb30BAHKME BTOPOTO TTOKOJIEHUS
KOMITO3UTHBIX MATEPUAJIOB — (DYHKIIMOHAILHO-TPA-
nuenTHbx MatepuasoB (OI'M), kBasuperyaspHBIX
TeTepPOTeHHBIX MATEePUAJIOB, Y KOTOPHIX MeXaHHJe-
CKHM€e WJIN TeOMEeTPUYECKNEe XapaKTePUCTUKU HeOJ-
HOPOJIHOCTEM, MJIM MX PACIIpe/ieIeHre HellPEePHIBHO
W3MEHSIOTCS 110 3aJaHHOMY 3aKOHY. JTOT 3aKOH,
ompemesstiontuii ctpykTypy OI' maTepuana, noken
orBevaTh ycaoBusaM Harpy:kenus OI'M xoHCTpyK-
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uii. [Tpu aToMm, cireiyer yYUTLIBATD, YTO TaKe B TeX
cIydasix, KOTJa W3-3a OOJIbINeHd CTOMMOCTH WJIN
TPYAHOCTEN TEXHOJIOTMYECKOTO XapaKTepa BO3MOK-
"octu npumererus OT'M onrTuMaIbHONI CTPYKTYPHI
OTpaHWYEHBI, UCCJIEOBAHUS OIITUMAJBHBIX ITPOEK-
TOB MMeeT BasKHOE 3HAYEHHEe, TAK KaK I03BOJISIET
TEOPETUYECKH OIEHUTh KAYeCTBO TPAIUITMOHHBIX
KOHCTPYKITUH.

Ananns nccienmoBanui v myoauxkanui. g
pacuera OI'M KOHCTPYKIIHI, KAk IPABUJIO, IIPUMe-
HAT pasymunbie Bapuaatet MKO [1-3]. Ho omrru-
Musarus cTpyKTypbl OI'M 1ny1st KOHKpPeTHBIX 3a1a4
¢ rtomornbo MKD BrI3BIBaeT 3HAUNTEIILHEBIE BEIUNC-
JINTEeJIbHBIE TPYIHOCTHU, IIOCKOJIBKY Tpebyer 00JIb-
IMUX Cepuil pelreHuit mpsaMeix 3amad. Jus pery-
JIAPHBIX KOMITIO3UTOB asibrepHaTuBoit MKO ciyskur
MeTOJ] TOMOTeHHU3AInu [4—6], KOTOPBIA MO3BOJISIET
CBECTH WCXOJHYI0O KPAeBYID 3a/1auy B MHOTOCBS3-
HOM 00JIaCTH K PEKYPPEHTHOH II0CJIeT0BATEIHHO-
CTH KpaeBBIX 3a7a4Y B OJHOCBA3HBIX obsactax. [Ipu
9TOM, KaK IIPABHUJIO, KOO QUITMEHTH ypaBHEHUHI CO-
CTOSIHHUS AIIIPOKCUMUPYIOTCS oTpearamu psma Dy-
pbe IIpu HeGOIBIIIOM KOJIMYeCTBE UIeHoB. B paborax
[7-11] ObLTH TpeaIosKeHBI MOAUMUKAIIAN METOIA
OCpeJHEeHUs, IT03BOJIAIOIINE PACCMATPUBATD IIPS-
MbIe ¥ 00paTHBIe 3aJaun 11 PYHKIIMOHAIBHO-TPa-
JHEHTHBIX MATEPHUAJIOB.

IMenp uccinemosanusa. Majble OTpe3Ku PsII0B
Dypbe XOPOIIO OIIMCHBAIT KO3(QUIIMEHTH ypaB-
"erwuit cocroguuit OI'M KOHCTPYKITUIT TOJBKO IIPU
GOJIBIION KOHIIEHTPAIIUH BKJIIOYEHUH (3epeH, BOJIO-
KOH M T.II.), KOTJIA PACCTOSHIE MEKIY BEJIIOUEHMSI-
MU UMeeT TOT K€ MOPSIOK, YTO M UX XapaKTepPHBIN
paamep. [Ipm masoit e KOHIIEHTpAITUH, KOT/Ia pac-
CTOSTHHE MEIK]Iy BKJIIOUEHUSMH MHOTO OOJIBIIE WX
pas3MepoB, Koa(ppUIIMEeHTH YpaBHEHUN COCTOSHIS
IIPeICTABJISIIOT COOO0M MEePUOTUIECKHE WMITYJIECHBIE
dyurmuu. B arom ciyuae peasmsarmst metosga oc-
peIHeHus B aHAJUTHIECKOM BHJIe BHI3BIBAET OITpe-
nenmeHHble TpyaHocTH. llpm aroM amamuTHUecKHe
pelreHust BasKHbBI IIPU ITPOEKTUPOBAHUN KOHCTPYK-
UH W3 KOMIIO3UTHBIX MATEPUAJOB ¥ OCOOEHHO
roucTpykmuii 13 OI'M. IlosTomy mpu Masoit KOH-
IEHTPAIINY BRJIIOUEHWH BBITOJHEE WCITOJIb30BATH
IpejiaraeMbIi HUKe BAPUAHT METO/Ia OCPeTHEeHHU,
B KOTOPOM HCIIOJIB3YETCS MAaJIOCTh Pa3MepOB BKJIO-
YEeHUH 110 CPABHEHUIO ¢ PACCTOSTHUEM MEYKIy HUMU.
[Tpenmaraemas MeTOOMKA IPOUJLIIOCTPUPOBAHA Ha
IpuMepe MOIeJILHOM 3aJa4u — IIPOJOJILHOM qedop-
Maruu crep:xHs us OI'M. uamerp crep:xHs como-
CTaBUM C padMepaMy BKJIIOYEHUH.

OcuoBHoOIi marepuain. 1. Brimouenwus mepe-
MEHHOM BEeJIMYMHBI. 3aKOH H3MEHEHUS pasMepoB
BKJTIOYEHUST MOKET OBITH 3aJIaH, HAIIPUMEP, B BUIE
cbysrmun V =V (x), onpenendiomeil 00bEM BKIIIO-
YeHWsI B 3aBUCHUMOCTH OT KOOPJHUHATHI X €ro pac-
TTOJIOYKEHUsI. 3aMEeHUM BKJIIOUEHUSI COCPEIOTOYEH-
HBEIMH YIOPYTUMH BCTABKAMH, $KECTKOCTH KOTOPBIX
ki (z) XapakTepuayOT BINAHNE BKIIOYEHUH.

Ecin xommdecTBO BRIIIOYEHUH 1 BEJIUKO U pac-
CTOSTHHE MesRAy HuMU [ =7, —7,, MHOTO MeHBbIIe
XapaKTepHOro pasmMepa KOHCTPYKIIWH, B JAHHOM
ciayyae [ < L — pjumHBL cTep:kHsa. Torma mis uc-
CJIeTOBAHUS IIPOIOJIBHOMN JedopMAaIiu JBYXKOMIIO-
HEHTHOTO CTEePKHS MOKHO IPUMEHUTD CJIeY O
BapUAHT METO/Ia OCPETHEeHNUs. 3aIUIIeM YPaBHEeHIe
PABHOBECHS CTEPIKHS MEKIY YIIPYTUMH BCTABKAMU
B 0e3pasMepHOM BHJIEe
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d’u
U, 1
) el 1)
rie x:% U=V — TPOMIONBHOE CMEILIeHHe;
x
qz%; p(x) — pacmpeneneHHas BHeENTHAA Ha-
0

rpy3ka; k, = E,F;E, — xoacpdpuiireHT yupyrocru 6a-
30BOTO MaTepuaja CTep:kHsA (MaTpuilel); F — IJIO-
1aIb TOTIEPEYHOTO CEUCHUS.

VYcIoBUST COTPSIPKEHUST HA | — OM YIPYTOM cede-
HUM MOKHO 3aIlNCaTh TaAK

W - (2] (%] kogn @
rme (...) 5(...)

U cIIpaBa B TOUKe X =i;k(x)

— COOTBETCTBEHHO IIperesl CJIeBa
_lk (x)
T
1.1 Meromuka ocpenHeuus. Bsemem Iepe-

MeHHYI0 £=Xx /g TOe e=1/n<1, Koropywo Oymem
CYMTATh HE3aBUCUMOM OT ItepeMeHHOM x . [lepeme-
meHWe u IIPEJICTABUM B BHUJE ACUMITOTHUYECKOTO
passioskeHnsd

U=ty (x)+&u (x,8)+eu, (x,&)+, (3)

roe u,,(s=1,2,...) — mepuogudeckue 1o & (yHK-
musa ¢ mepuomom n .IlogcraBnas pasnoskenme (3)
B ypaBHeHue (1) m ycioBus (2), moaydaeM ocpes-
HEHHOe ypaBHEHWUe IIPOJI0JILHOM JedopMalium IByX-
KOMIIOHEHTHOT'O CTEePsKHS

2
d‘u,
dx?
Murpomexanuyueckue 9(QPEQEKTH OITUCHIBAIOTCS

COCTaBJIAIONIEH Pa3JIosKeHNUd U, , KOTopas HaXOIuT-
¢ U3 ypaBHEHU

Rlewles) o

1.2 OboparHas 3amaya. CyIleCTBEeHHBIM IIPENMY-
IIIECTBOM IIPEJIJIAraeMoro IoAxoa K KCCIIEIOBAHIIO
roucTpykiwmit u3 ®I'M sBiisiercst T0, UTO OH ITO3BOJISIET
CTaBUTHh U 3(PPEeKTUBHO pelraTh 3aJa4u OITHUMU3a-
IIWH — 3aJ[a4YU OIIPEIeJICHUST ONTUMAJIBHBIX XapaKTe-
PUCTUK BHYTPEHHEH CTPYKTYPHI MaTepuasa, obecrre-
YMBAOIINX 3aIaHHBIE CBOMCTBA KOHCTPYKITHH.

B rauecrtBe mpumepa paccmorpum 3agady orpe-
neneHusa GyHKIUH k(x), obecliedmBaiomieil Hawu-
OOJIBIIIYI0 TIPOMIOJIBHYIO $KECTKOCTH paccMaTpuBae-
MOT'0 JBYXKOMIIOHEHTHOT'O CTEPIKHS IIPHU 34 JaHHON
pacmpesieneHHol Harpy3re ¢(x). Bes morepn obm-
HOCTH, BBIOEpEM T'PAHUYHBIE YCIIOBUS B BHUJIE

U (0)=0; %% _g. ©)
dx x-n

B kauecTBe MepHI %ECTKOCTHBIX CBOMCTB CTEPIK-
HsI BBIOEpEM OJATJIMBOCTh, OTPAHUYUBIIIUCH HYyJIe-
BBIM IIPUOJTMKEHUEM JIJIST CMEIeHUs

+hk(x)uy=gq. (4)

1= J'quodx — min, . )
0

B rauecrse OI'PaHUYEHMSA €CTECTBEHHO BBI6paTB yc-
JIOBHE IIOCTOAHCTBA CyMMapHOIro 00BbEMA BKJTIOUCHIIA

jk (x)dx=c. (®

Ha mparxture pasmepbl BRIIIOUEHUN UMEIOT TEX-
HOJIOTHUYeCKHe orpamndenus. V3 oartoro ciremyer
eIe OJHO OTpaHWYeHWe [JIS IIeJeBON (QOyHKITHH
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Ky < k (x) <K, , KOTOpPOE YIOBIIETBOPSETCSA BBeIe-

HUeM BCIIOMOTaTeIbHOM (DYHKITHH yIIpaBIeHus 0 (x)
k = o+ ysin® , 9
‘min + kmax)’y = Os(kmm + kmax)’
OTHOCUTESIBHO  BCIIOMOTATEJIFHOM  (PYHKITAH
yupasyieHusa 6(x) paccMaTpruBaeMas oOpaTHad 3a-
mada (10)-(16) sanuirerca Tak

roe o =0.5(k

1= Jquodx — min, .[sinedx =c; (10)
0 0

d’u, : (du J
+ (o +ysin®)u, =q; u, (0)=0;] == =0.(11
o (e gsint)y =g 0, (0) =0 G| —0.11)
[TpupaBHMBas HYJII0 BapHalluio (PYHKIIMOHAJIA
Jlarpamxka samaun (10), (11) moaydaemM ycjioBue OII-
TUMAaJTBHOCTH
cos@(ug -1)=0,
rme A — MHOMKATENDb Jlarpamska.
N3 ycnoBusa ontumasnibHoctu (12) ciemyer, 4To
dbyHEIIIA yopaBiaeHHA k(x) IpercTaBisgeT coboi
KYCOUHO-HEIPEPHIBHYIO DYHKITAIO

K> X € (0,%,);

(12)

‘min?
k =
ii,x e(x,L).
N
ITocTrossuuasa HarpaHma A HaAXOIUTCI U3 HN30IIepu-
MeTpruyecKoro ycsiosus (14), KoTopoe IpHHUMAET BUT

iqu = VA (¢ — kX)) - (14)

(13)

Koopnuuara Toukm X, HaXOOWTCS W3 YCJIOBUM
HEITPEePBIBHOCTH B 9TOM TOYKE CMEIEeHUs U J1edop-
MAITAY CTEPIKHA (K 9TUM YCJIOBUAM IIPUBOJISIT COOT-
HOIIIEHUST HA M3JI0OMaXx JKcrpeMaJsieil Beiepirpac-
ca-Opamana [9]).

2. IlepemMeHHBII mIAr MEKAYy BKJIIOYEHHSI-
mu. JIpyro#t TeXHOJIOTHYECKOM BO3MOKHOCTBIO 00e-
CIIEUEHUsI TPAJUEHTHOCTH CBOMCTB KOHCTPYKITUI
aBiisgercs ucmoab3opanue OI'M y koTophIx pasme-
PBI BRJIIOUEHWH OJUHAKOBBIE, HO IIIar MEKIy HUMU
MEeHSIeTCs I10 3aJITaHHOMY 3aKoHy. Paccmorpum 6a30-
BBIM JIBYXKOMIIOHEHTHEBIN CTEPIKEHDb C OJMHAKOBBI-
MU YIIPYTUMH BCTABKAMH k = const . 3adurcupyem
KOJIMYECTBO BCTABOK # U Oy/1eM MEHSTH PACCTOSTHIE
MesKJy HUMH [ 110 HeKoTopoMy 3akoHy. JlJst omm-
caHusi 3aKOHOMEPHOCTH WM3MEHEHWs Iara BBejeM
dysrmuo f(x), Takyio, uro f(x,)=i, Torma mar
Mesxy BrmoueHmamu [ ~1/ f'(x). B pabore [8]
TIOJTyYEeHBI YCJIOBUS JJISI COXPAHEHUS HEU3MEHHBIM
KOJIMYECTBA BCTABOK

f(0)=0;f(n)=nf"(x)=>0. (15)

2.1 lIpamasa 3amaua pacuera. Eciu Tonmuny

BCTABOK YCTPEMUTH K HYJIIO, TO YpaBHEHUE IIPOJI0ITh-

HOM 1epOpMAIIM CTEPIKHSA IIPU IIIAT0BOM IpaIHeHT-
HOCTH MOKHO 3aIIUCaTh B BUJIE

d’u

2+ki:8(f(xl)—i)u:q, (16)

dax’
roe § — menbra QyHkmua Jupaka.
Beenem mepemennyio n = f(x), torna x = £ (n).
OTHOCUTEILHO HOBOM TIepeMeHHON ypaBHeHue (16)
3amUIIIeTCA TaK
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d ( du : N
dn((pdn}rk;éi(n—l)cpu—Q, a7
d -1
rae <p=g;);Q=<p4-

Vpasuenwue (17) npeacrapiisier coboil ypaBHEHME
C TEePUOINYECKH PA3PLIBHBIMU KOd(MUIIMEHTAMH,
¥ JIJISI HETO MOYKHO ITPUMEHUTDH CXEMY OCPeTHEeHMUSI,
aHaJiornuHyio Meronuku 1. 1.1. B pesymabrare mo-
JydaeM OCpeIHEeHHOe ypaBHEHHE MPOI0JIbHON Jie-
hopMaluy IBYXKOMIIOHEHTHOTO CTEPIKHSA C IIepe-
MEHHBIM IITATOM MEYKy BKJIIOYEHUSIMU

d’y, ,
a’x20 +hf(x)uy =q .
2.2 O6paruaa 3agaya. PaccmoTpum o0paTHYyO
3agauy 1y ypaBHeHus (18) ¢ TpaHUYHBIMHY YCIIOBH-
samu (6). B kauectse yupassistioniei BeIoepeM QPyHK-
nuio y = kf '(x) . MusIME3IpOBaTH OyMeM momaTiv-
BOCTBH CTEPIKHS

(18)

n
Juoqu — min, . (19)
0

VemoBus coxpaHeHUs KOJIMYECTBA BKIIOUEHUH
(15) upuBOAAT K M30IIEPUMETPUUECKOMY OTpAHUYE-
HUIO JJIS TeJIeBON (PYHKITHN

n
jwdx = kn. (20)
0

Ha 1iesteByto pyHKIINMIO y TaKKe HAKJIAIBIBAIOT-
Cs TEXHOJIOTWMYECKHEe OTPAHWYEHUS, AHAJIOTHIHBIE
(15), xoTopble OYyAyT BBHIMOJIHATCSA ABTOMATHYECKH
ocJie BBEJIEHUsI BCIIOMOTaTeJIbHOU 11eJieBOM (PyHK-
muu (9). Torna paccmatpuBaemas 3agada OymeT co-
BIIAOATh C 3agaven m. 1.2.

3. Bakmouenwue. [Ipenmaraemas Meroauka 1o-
3BOJISIET PeIaTh 3aJa9d pacueTa W ONTUMAJIBHOTO
POEKTUPOBAHMUS BHyTpeHHe#l cTpyrrypbel OI'M
KOHCTPYKIIMHU C IepeMeHHO! BeJIMUMHOMU BKJIIOUEe-
HUH U C IepeMeHHBIM 11aroM MesKJIy HUMU 110 eJIH-
HOM MeTOJWKe. JTH 3aJlaYM OKA3aJINCh MaTeMAaTH-
YeCKH HJIEHTUYHBIMU, OTJIMYNE COCTOUT B PASHBIX
dusumyueckux cMmbicaax K09QPUITMEHTOB ypaBHEHUN
COCTOSTHUSA | TesIeBbIX QyHKIwHi. [Ipu aTom onTrmu-
3aIusl IIPOBOJAUTCS C TOMOIIBIO IBYX MEXaHU3MOB.
IlepBoIit — BEIIEIEHNS ¥ 3aKPEIJIEHHBIX KPAaeB IIPH-
TPAHUYHBIX YYACTKOB, B KOTOPHIX BKJIIOYEHUS OTCYT-
CTBYIOT. BTOpOIT MEXaHU3M OIITUMHUIATINY 3aKII0Ya-
eTcsl B IiepepacipeesieHuu pa3dMepoB BRJIIOUYEHUH
TI0 3aKOHY, COBIAIAIONIEMY C 3aKOHOM pacIipesesie-
HUS BHeNTHeN Harpys3ku. [Ipm mepemenmoM 1mare
MesKJTy BKJIIOUEHUSIMU IMarT JIOJKEH yMEHBIAThCs
HA yYacTKax ¢ 00JIbIIed NHTeHCUBHOCTHIO BHEIITHEHN
HATPY3KU. YKa3aHHbIe MEXaHU3MBbl OITUMUIAIINU,
OYEBHUIHBIE ¢ (PU3UYECKON TOYKK 3PEHUsI, HAILIN
CBOE MaTeMaTHYecKoe OOOCHOBAHWE B HACTOSIIEH
pabore.

Mosxso oxmpars, uYTO mpeyiaraeMasi MeTo-
nuka Oymer Takske odeKTHMBHA IIpU pacdeTax
¥ ONITUMAJILHOM TIPOEKTHPOBAHUM 0O0JI€€ CJIOMKHBIX
TeTePOTeHHBIX KOHCTPYKITHAM, OMUCHIBAEMBIX TH(-
depeHIMaTBPHBIMU YPABHEHUAMH 00Jie€ BBICOKOTO
HOPSITKA.



«Young Scientist» « No 2 (78) » February, 2020 27

Coucok jiureparypsi:

1. Ilschner B., Cherradi N., 3" International Symposium on Structural and Functional Gradient Materials,
Lausanne, Switzerland, 1994.

2. Suresh S., Mortensen A., Fundamentals of Functionally Graded Materials, Institute of Materials, London, 1998.

3. Hirai T., in R.J. Brook (Ed.), Materials Science and Technology, Vol. 17B, Processing of Ceramics, Part 2, VCH
Verlagsgesellschaft, Weinheim, Germany, 1996, 292—-341.

4. Bolshakov V.I., Danishevs’kyy V.V. Effective shear modulus and microscopic stresses in a fibred-reinforced
composite materials with interphases. Bulletin of Prydniprovs’ka Academy of Civil Engineering and Architecture.
2006, no. 36, pp. 167-173.

5. Bolshakov V.I., Danishevs’kyy V.V. Asymptotic multiscale modelling of heat conduction in fibre-reinforced
composite material with imperfect bonding / Proc. AFE 2006 Forum “Aims for Future of Engineering Science”. —
Davos (Switzerland), 2006. P. 97-107.

6. Bolshakov V.I., Danishevs’kyy V.V., Weichert D. Propagation of elastic waves in periodic composite structures.
Bulletin of Prydniprovs’ka Academy of Civil Engineering and Architecture. 2008, no. 45, pp. 31-39.

7. Andrianov 1.V., Awrejcewicz J., Diskovsky A.A. Homogenization of the irregular cell-types constructions. Proc.
8t Conf. Dyn. Syst. — Theory Appl. Lodz, 2, 2005, 871-876.

8. Andrianov I.V., Awrejcewicz J., Diskovsky A.A. Homogenization of quasiperiodic structures. Trans. ASME J. Vibr.
Acoust., 2006, 128(4), 532—-534.

9. Andrianov I., Awrejcewicz J., Diskovsky A. Asymptotic investigation of corrugated elements with quesi-periodic
structures. Proc. 10-th Conf. Dyn. Syst. — Theory Appl., 2. Lodz, 2009, 523-532.

10. Andrianov 1., Awrejcewicz J., Diskovsky A. Homogenization of the functionally-graded materials. Proc. 11-th
Conf. Dyn. Syst. — Theory Appl., 2, Lodz, 2011, 55-62.

11. Andrianov I.V., Awrejcewicz J., Diskovsky A.A. Sensitivity analysis in design of constructions made of functionally-
graded materials. Proc. Inst. Mech. Eng.

12. Part C: J. Mech. Eng. Sc., 2013, 227(1), 19-28.

References:

1. Ilschner B., Cherradi N., 3" International Symposium on Structural and Functional Gradient Materials,
Lausanne, Switzerland, 1994.

2. Suresh S., Mortensen A., Fundamentals of Functionally Graded Materials, Institute of Materials, London, 1998.

3. Hirai T., in R.J. Brook (Ed.), Materials Science and Technology, Vol. 17B, Processing of Ceramics, Part 2, VCH
Verlagsgesellschaft, Weinheim, Germany, 1996, 292—341.

4. Bolshakov V.I., Danishevs’kyy V.V. Effective shear modulus and microscopic stresses in a fibred-reinforced
composite materials with interphases. Bulletin of Prydniprovs’ka Academy of Civil Engineering and Architecture.
2006, no. 36, pp. 167-173.

5. Bolshakov V.I.,, Danishevs’kyy V.V. Asymptotic multiscale modelling of heat conduction in fibre-reinforced
composite material with imperfect bonding / Proc. AFE 2006 Forum “Aims for Future of Engineering Science”. —
Davos (Switzerland), 2006. P. 97-107.

6. Bolshakov V.I., Danishevs’kyy V.V., Weichert D. Propagation of elastic waves in periodic composite structures.
Bulletin of Prydniprovs’ka Academy of Civil Engineering and Architecture. 2008, no. 45, pp. 31-39.

7. Andrianov L.V., Awrejcewicz J., Diskovsky A.A. Homogenization of the irregular cell-types constructions. Proc.
8™ Conf. Dyn. Syst. — Theory Appl. Lodz, 2, 2005, 871-876.

8. Andrianov I.V., Awrejcewicz J., Diskovsky A.A. Homogenization of quasiperiodic structures. Trans. ASME J. Vibr.
Acoust., 2006, 128(4), 532—-534.

9. Andrianov 1., Awrejcewicz J., Diskovsky A. Asymptotic investigation of corrugated elements with quesi-periodic
structures. Proc. 10-th Conf. Dyn. Syst. — Theory Appl., 2. Lodz, 2009, 523-532.

10. Andrianov 1., Awrejcewicz J., Diskovsky A. Homogenization of the functionally-graded materials. Proc.
11-th Conf. Dyn. Syst. — Theory Appl., 2, Lodz, 2011, 55-62.

11. Andrianov I.V., Awrejcewicz dJ., Diskovsky A.A. Sensitivity analysis in design of constructions made of functionally-

graded materials. Proc. Inst. Mech. Eng. Part C: J. Mech. Eng. Sc., 2013, 227(1), 19-28.

DPIBUKO-MATEMATHUYHI
HAYKU



